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Introduction

In many modern radiation therapy treatment planning systems, mod-
el-based algorithms, such assuperposition convolution (S/C) algo-
rithms, are reliable computational dose distribution methods with a 

reasonable speed [1-3]. In the S/C algorithm, the dose distribution is a 
result of convolving the ‘total energy released per unit mass’ (TERMA) 
by ‘energy deposition kernel (EDK)’ in all points of the dose calculation 
volume [2, 4].
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ABSTRACT
Background: Dose distribution can be obtained from total energy released per 
unit mass (TERMA) and inhomogeneous energy deposition kernel (EDK) convolu-
tion. Since inhomogeneous EDK data is location-dependent, it is calculated by em-
ploying the density scaling method rather than Monte Carlo based user code EDKnrc. 
Objective: The present study aimed at investigating EDK scaling formula ac-
curacy in the presence of lung and bone inhomogeneities.
Material and Methods: In this theoretical-practical study, six EDKs datasets 
with lung and bone inhomogeneity in different radii were generated using EDKnrc 
user code and density scaling formula. Then the scaling method data and correspond-
ing EDKnrc-generated ones were compared to enhance the calculations, and some 
correction factors for error reduction were also derived to create more consistency 
between these data. 
Results: The study has shown that the errors in the theoretical method for cal-
culating inhomogeneous EDKs were significantly reduced based on the attenuation 
coefficient and ρα

rel parameter, with α equal to 1.2 and 0.8 for bone and lung voxels, 
respectively.  
Conclusion: Although the density scaling method has acceptable accuracy, 
the error values are significant at the location of lung or bone voxels. By using the 
mentioned correction factors, the calculation inaccuracy of heterogeneous EDKs can 
be reduced down to 5%. However, the lung heterogeneity results corrected by the 
method are not as good as the bone cases. 
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Where T(E,r ́) is TERMA, K(r-r ́) is EDK, E 

is photon beam energy, r is interaction site and 
r ́is dose receiving point. EDK is an invaluable 
tool for qualitative aspects of dose distribu-
tions and shows the energy distribution pattern 
around the single interaction site of the primary 
photon. It can be determined using empirical 
and analytical methods, but the Monte Carlo is 
the only practical approach. EDK plays a key 
role in the precision of the model-based dose 
calculation method, thus accuracy and any ap-
plied assumptions or approximations in EDK 
calculation will seriously affect dose calcula-
tion end results accuracy [5-7].

In 1984, Ahnesjo derived EDK theoretical-
ly by using deconvolution in measured nar-
row beam dose distributions [8]. TR Mackie 
et al. alternatively calculated monoenergetic 
EDK using Monte Carlo simulation [9]. Sub-
sequently, TR Mackie et al. produced EDK 
using electron gamma shower (EGS) in water 
with multiple scattering for relatively high en-
ergy ranges as a database for convolution dose 
calculation in radiation therapy [6].

In 2000, after developing and extending the 
original EGS code, NRC’s EGS general-pur-
pose software toolkit was released [10]. Three 
years later, Mainegra-Hing E et al. adapted 
and introduced EDKnrc as one of the NRC’s 
derived spherical geometry user code which 
can calculate energy deposition kernels for 
photons or electrons forced to interact at the 
center of a spherical phantom in the entire spe-
cific voxelized phantom [11].

EDKnrc is used for EDK calculation in the 
homogenous sphere in energy ranges between 
a few keV up to 55 MeV and considers differ-
ent contributions from each photon scattering 
order (eg. primary, first scatter, second scat-
ter, multiple scattering, and radiative transfer) 
[12]. However, in the patient body containing 
various inhomogeneous media, adjacent vox-
els contain various types of inhomogeneities. 
Therefore, generating EDK using EDKnrc for 
all voxels made of different medium is not 
practical.

To adapt water EDK to entire non-water 
media, O’Connor’s theorem and Mohan et 
al. density scaling method are usually used 
to scale EDK by the relative electron density 
between the interaction and dose receiving 
points, voxel-by-voxel [13-15]. Nevertheless, 
some studies in the literature have highlighted 
the low accuracy of this method near the low-
density media interfaces such as the lung in 
S/C dose calculation [15, 16]. Regarding this 
fact, M. K. Woo et al. investigated the validity 
of the density scaling method for 2 and 6 MV 
photon beams in primary electron transport for 
air and cork and their effects on dose calcu-
lation accuracy. They compared their results 
with kernels obtained by EGS code. The final 
results showed a large discrepancy between 
these two methods, especially for air and 6 
MV beam, but no solutions were provided for 
this problem [15]. Jessie Y. Huang performed 
a comprehensive research on various refine-
ments for EDKs such as a partial study on the 
density scaling method [2]. 

As mentioned, the proper scaling of poly-
energetic kernels, especially in heterogeneous 
environments, is one of the most important 
links in the chain of model-based algorithms. 
However, to the best of our knowledge, pub-
lished studies on kernel scaling accuracy have 
only been touched upon and except for a few 
general theoretical relationships; there has 
been no well-documented analysis of the men-
tioned scaling formula. Thus, this study aims 
to investigate EDK scaling formula accuracy 
in the presence of lung and bone inhomoge-
neity in comparison with EDKnrc-generated 
data to ensure its generalizability to the het-
erogeneous environment. In addition, based 
on the nature of the kernels, a number of cor-
rection factors were proposed and implement-
ed on the theoretical scaling formula to create 
more consistency between these data.

Material and Methods
This part of the current theoretical-practical 

study follows some steps, including genera-
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tion of EDKs using EDKnrc user code, gener-
ation of inhomogeneous EDKs using density 
scaling method, density scaling method cor-
rection.

Generation of EDKs using EDKnrc 
user code
Water EDK 
EDKnrc user code of the EGSnrc pack-

age was used to generate EDKs according to 
‘Mackie’s method [7]. In this code, photons 
are forced to collide at the center of a 60/ρ cm 
radius theoretical spherical phantom, in which 
ρ describes the mass density of the spherical 
phantom. This phantom is voxelized into 1152 
voxels with 48 cones, separated by a polar an-
gle of 3.75° and 24 radial shells. Consequently, 
the 3.75-degree angle cone is solid, and each 
of its voxels is in the form of a truncated solid 
cone while in other angles, these solid shapes 
turn into the shell geometry (Figure 1).

At first step, the 6 MV water EDK (as total 
and primary stored energy data in each vox-
el) was calculated, in which data value was 
maximum in the central voxels, and gradually 
decreased by increasing the radius. To find 
the maximum radius with a non-negligible 
amount of stored energy, its angular and radial 
distributions were plotted and analyzed.

Inhomogeneous EDKs 
Different areas of the human body are com-

posed of different heterogeneities. Thus, to 
simulate these various heterogeneities in the 
path of the photon beam, six different special 
inhomogeneous 6 MV EDKs were produced 
similar to water EDK. Four of six EDKs con-
sisted of some spherical shells of bone and 
lung in the certain radii rather than water. For 
the rest, the interaction point medium (sphere 
of 0.05 cm radius) was changed into lung or 
bone in addition to the features of the previous 
EDK (Table 1). For all simulation 300 × 106 
histories were run to achieve acceptable un-
certainties in the small voxels near the point 
of interaction. Photon and electron cutoff ener-
gies (PCUT and ECUT) were set to 0.01 and 
0.521 MeV, respectively [11].

Considering all the above details, the total 
and primary EDKs data representing depos-
ited energy per particle in each scoring voxel 
were calculated. To make reasonable com-
parisons between calculated and EDKnrc-
generated EDKs, all the 1152 voxels data for 
each EDK were divided by each voxel volume 
and imported into EXCEL software (Version 
2018). The volume for each voxel of phantom 
was calculated analytically for a series of trun-
cated spherical cones, according to the follow-

Figure 1: The voxels of energy deposition kernel (EDK) phantom: a) One voxel in a certain angle 
and radius (by permission of Mackie, T.R, 1988), b) Six voxels in 3.75 degree for 0 to 4 cm radius.
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ing equations:
( ) ( )( )3 3

1 1
2,
3 i i j jvolume i j cos cos r rπ θ θ− −

 = − −  (2)

In which θi and θi-1 are semi-vertex inner 
and outer angles and rj and rj+1 are small and 
big radii of truncated conical shell voxels, re-
spectively and volume (i,j) refer to these voxel 
volumes. Normalization was then performed 
using dedicated written MATLAB code, ver-
sion 2013.

Generation of inhomogeneous EDKs 
using density scaling method

Six series of water EDK data were consid-
ered that each of them had heterogeneities in 
special radii similar to EDK-generated ones 
in Table 1. To convert these water EDKs data 
to inhomogeneous media kernels, they were 
scaled according to density scaling method. 
The density scaling method devised by Mohan 
et al. is based on the assumption of O’Conner’s 
theorem, i.e. the energy propagation is linear 
between interaction (S point) and interesting 
points (r point), related equations are as fol-
lows [17, 18]:

( ) ( ) ( ) ( ) ( )
2

2´ ´
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Where ( ), ,E inhomh s r   is inhomogeneous me-

dia kernel, ( ) ( )
2

´
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 

     is wa-

ter EDK, and ( )rel sρ   is relative electron den-
sity of interaction site. ( )

´
,rel s rρ    is provided 

by equation 4. Setting the EDKnrc user code-
generated data as a reference, the relative dif-
ference between these values and density 
scaled EDK was calculated and plotted versus 
radii.

Density scaling method correction
Equation 3 considers the second power of 

average relative electron density of the path 
( )

2´
,rel s rρ

 
 
 

   and the relative electron density 

of the interaction site ( )( )rel sρ  , without con-

sidering the attenuation effect of the heteroge-
neity. To take this effect into account, after 
passing the photon beam through each area of 
heterogeneity, the exponential attenuation co-
efficient function of the inhomogeneous voxel 
was applied on the equation (3). In addition, 
for each voxel containing heterogeneity in the 
photon beam path, the ρα

rel coefficient was 
considered. The α value was tuned to mini-
mize the relative error of the scaling method-
calculated EDK. According to factors in the 
scaling method, inhomogeneous EDKs and 
their relative errors were recalculated.

Results

Water EDK 
The analysis of the energy deposition for 

water EDK in the radial part for a total 360 

Inner radius (cm) Outer radius (cm) K1 K2 K3 K4 K5 K6
0.00 0.05 Water Water Water Water Bone Lung
0.05 0.10 Water Water Bone Lung Water Water
0.10 0.15 Water Water Bone Lung Lung Bone
0.15 0.20 Bone Lung Lung Bone Water Water

Other voxels with the radius up to 60 cm Water

Table 1: Different energy deposition kernel (EDK) voxels configuration.

0 ,3.75 ,11.25 , ,180
0,0.002,0.01, ,60

i

jr cm
θ = ° ° ° … °

= …
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and 3.75 degrees is demonstrated in the semi-
logarithmic scale (Figure 2). It can be ob-
served that the energy is deposited mainly into 
a radius of less than 0.3 cm. Therefore, in this 
study, the degree of compatibility of two dif-
ferent methods for EDK generation was inves-
tigated up to this radius.

Inhomogeneous EDKs
According to Figure 3, different arrange-

ments of the heterogeneities in the beam path 
(Table 1) cause different unpredictable chang-
es in the energy distribution pattern around the 

interaction sites. These lead to production of 
different inhomogeneous media kernels data 
depending on the location of the interaction 
and the heterogeneity around it. These kernel 
data in different heterogeneity conditions (k1 
to k6) have various deviations with respect to 
the water EDK, leading to fluctuation of plots 
in Figure 3.

As a result, it is unfeasible to consider all 
possibilities of inhomogeneous EDK within 
media with random-heterogeneous patterns. 
To address this problem, the scaling method 
was used to convert the water kernel into each 
heterogeneous kernel based on the distribu-
tion of heterogeneities around each interaction 
point of interest.

Generation of inhomogeneous EDKs 
using the density scaling method

Based on Figure 4, in general, there is a 
relatively good agreement between calculated 
density scaling data and EDKnrc-generated 
ones before and after the heterogeneous vox-
els, except for within them, in which a spike 
has been formed in the curves. By applying 
the correction factors, the relative differences 
between EDKnrc-generated as a reference and 
corrected /uncorrected density scaled kernels 
were calculated and plotted versus radii at Fig-
ure 5.

The optimum α values for ρα
rel were deter-

mined 0.8 and 1.2 for lung and bone, respec-
tively. It was observed that the performed 
correction had effectively reduced the errors 
of the EDK No. 1 to 5, while for EDK No. 6 
within lung as an interaction site, these correc-
tion factors do not work properly.

Discussion
In this study, we evaluated the consistency 

of the inhomogeneous EDKs produced by 
EDKnrc user code and those calculated by 
the density scaling method. Our result has 
indicated that although the errors in the theo-
retical method for calculating inhomogeneous 
EDKs were relatively acceptable, they could 

Figure 2: Radial energy distribution of water 
energy deposition kernel (EDK) in the semi-
logarithmic scale for a total 360 and 3.75 de-
grees.

Figure 3: Radial energy deposition kernel 
(EDKs) in semi-logarithmic scale for 3.75 de-
gree for different inhomogeneous arrange-
ments of Table 1 (k1 to k6).
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Figure 5: Energy distribution pattern (radius energy deposition kernel (EDK)) generated by ED-
Knrc user code, density scaling and corrected density scaling for different inhomogeneous ar-
rangements of Table 1 (k1 to k6).

Figure 4: The relative errors between energy deposition kernel (EDKnrc)-generated as reference 
data with corrected and uncorrected density scaled kernels for different inhomogeneous ar-
rangement of Table 1 (k1 to k6).
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be significantly reduced due to the attenuation 
coefficient and ρα

rel parameter for the heteroge-
neous voxels.

EDK illustrates the energy pattern around the 
single interaction site of the primary photon in 
the spherical phantom (Figure 1). According 
to Figure 2, presenting the EDK data in radial 
parts for two different angles has shown that a 
significant portion of the energy is distributed 
up to a radius of 0.3 cm, thus we restricted our 
studies up to this radius. The studies were also 
performed at an angle of 3.75 degree for the 
central cone.

Based on the semi-logarithmic plot in Figure 
3, the presence of the different heterogeneities 
in the water kernel phantom, causes various 
energy distribution patterns around the interac-
tion site. Furthermore, the difference between 
the kernels in place of the heterogeneous vox-
els is more obvious. In (S/C) dose calculations 
algorithm, the heterogeneous EDKs at any 
point of the irradiated volume must be speci-
fied. Although these EDKs can be calculated 
using EDKnrc user code for any given set of 
heterogeneities, it is impractical at a reason-
able speed. The solution for this challenge is 
the use of the density scaling method, in which 
the heterogeneous kernel can be theoretically 
calculated at any point in the volume of inter-
est.

To check the accuracy level of the density 
scaling method, the relative difference be-
tween the code-generated and the theoretical 
EDKs was calculated. For dose calculations 
purpose, due to the spherical shape of the vox-
els in the EDK’s phantom, the EDK data must 
be distributed in Cartesian or spherical coordi-
nates. Therefore, the calculated errors will be 
distributed at an angle of 360 degree. 

Thus, except for kernels No. 4 and 6, in 
which the lung heterogeneities were close 
to the interaction site, the error was accept-
able. Subsequently, by applying the attenua-
tion coefficients and ρα

rel factors, the relative 
difference between the theoretical and code-
generated EDK was recalculated (dotted line 

in Figure 4). As seen, the correction results in 
the significant error reduction, especially at 
the heterogeneous voxels. 

EDKnrc-generated, density scaling and 
corrected-density scaling method EDKs dis-
played in a semi-logarithmic scale in Figure 
5, demonstrate that the corrected method data 
are in excellent agreement with data obtained 
from the EDKnrc user code. This adaptation 
has been partially reduced in EDK No. 4, in 
which lung heterogeneities are located near 
the interaction site. However, the accuracy of 
the calculations is still valuable. In EDK No. 
6, the lungs inhomogeneity is an interaction 
medium, thus it seems that our correction fac-
tors have not worked well as the other EDK 
inhomogeneities arrangements. Therefore, 
further research is needed in these cases.

Conclusion
EDK is the most basic component of the 

(S/C) dose calculation algorithm, especially in 
real heterogeneous environments. Considering 
the different points of the volume under irra-
diation, the spherical EDK phantom will have 
diverse arrangements of inhomogeneities, and 
it is not possible to be generated using ED-
Knrc code within a reasonable time. The fast-
est practical way to calculate inhomogeneous 
EDK is using the density scaling method.

The present study indicates that although 
the density scaling method calculates inho-
mogeneous EDK with acceptable accuracy, 
the error values are significant at the location 
of non-water voxels. Taking into account the 
aforementioned correction factors, heteroge-
neous EDKs are calculated with an accuracy 
of about 5%. If the photon interaction is in 
lung heterogeneity, these corrections are not 
as effective as other cases. Nevertheless, it still 
has acceptable accuracy and works better than 
the non-corrected scaling method. In order to 
investigate the importance of the corrections 
made, it is recommended that their effects on 
the (S/C) dose calculation algorithm be exam-
ined.
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