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Introduction

Magnetic Resonance Spectroscopy (MRS) is a powerful non-
invasive imaging modality that provides unique biochemical 
information about living tissues. Unlike conventional Mag-

netic Resonance Imaging (MRI) methods, which depict structural de-
tails, MRS enables the detection and quantification of various metabo-
lites, such as N-Acetylaspartate (NAA), Choline (Cho), Creatine (Cr), 
and myo-inositol (mI), showing that MRS is particularly valuable in  
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ABSTRACT
Background: Magnetic Resonance Spectroscopy (MRS) enables noninvasive as-
sessment of brain metabolites, but is often limited by low Signal to Noise Ratio (SNR) 
and structured artifacts, such as residual water peaks. Conventional denoising meth-
ods, including Hankel Singular Value Decomposition (HSVD) and Empirical Mode 
Decomposition (EMD), address specific noise types but have complementary limita-
tions. 
Objective: This study aimed to develop and evaluate a hybrid HSVD and Com-
plex Empirical Mode Decomposition (CEMD) framework for in vivo proton MRS of 
the Alzheimer’s brain.
Material and Methods: This retrospective observational in vivo methodologi-
cal study analyzed single-voxel proton MRS (¹H-MRS) data acquired from 20 Al-
zheimer’s patients using a 3T Magnetic Resonance Imaging (MRI) scanner. HSVD 
was first applied to suppress structured residuals, followed by CEMD to remove sto-
chastic high-frequency noise. Performance was assessed using spectral SNR, residual 
water amplitude, and metabolite linewidths, and compared with conventional averag-
ing, HSVD-only, and CEMD-only approaches. 
Results: The hybrid HSVD+CEMD approach achieved the highest SNR 
(3.24±1.03), reduced linewidths (18.83±4.11 Hz), and preserved key metabolite peaks, 
outperforming individual methods.  
Conclusion: Combining model-based and data-driven denoising provides robust 
noise reduction while maintaining spectral fidelity, enhancing reliable metabolite 
quantification in clinical MRS applications, including Alzheimer’s studies.
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neuroscience, oncology, and metabolic re-
search, especially for diagnosing and monitor-
ing diseases, such as Alzheimer’s, epilepsy, 
and brain tumors [1-3].

However, the clinical and research potential 
of MRS is often hindered by the inherently low 
Signal to Noise Ratio (SNR) of the acquired 
Free Induction Decay (FID) signals. These 
FIDs are contaminated by various sources of 
noise, including thermal noise from the acqui-
sition hardware, physiological noise, such as 
subject motion and respiration, and structured 
artifacts, such as residual water peaks or base-
line distortions. The presence of noise not only 
degrades spectral resolution but also impairs 
the reliability of metabolite quantification, ne-
cessitating robust denoising strategies [4-6].

Several denoising approaches have been 
proposed to improve the quality of MRS 
signals, such as wavelet‑based denoising, 
Savitzky–Golay filtering, low‑rank matrix 
decomposition, and Empirical Mode Decom-
position (EMD)-based techniques. A common 
baseline denoising strategy is signal averag-
ing [7], in which multiple FID acquisitions 
are combined to suppress random noise, the 
scan time lengthens, and subject motion de-
grades since misalignment introduces artifacts 
across repetitions rather than their canceling. 
Beyond averaging, model-based methods, 
such as Hankel Singular Value Decomposition 
(HSVD) treat the FID as a superposition of ex-
ponentially damped sinusoids. By exploiting 
the resulting low-rank structure in a Hankel 
representation, HSVD can separate structured 
components from the remainder, most nota-
bly enabling explicit estimation and removal 
of residual water and other baseline-related 
contributions [8]. For these reasons, HSVD is 
widely used in MRS for water suppression and 
baseline correction.

Alternatively, adaptive and data-driven 
methods, such as EMD, have been applied to 
biomedical signals to separate non-stationary 
and nonlinear components. EMD decomposes 
a signal into Intrinsic Mode Functions (IMFs), 

some of which can be selectively discarded to 
suppress non-stationary noise. Complex Em-
pirical Mode Decomposition (CEMD) extends 
the EMD framework to complex-valued sig-
nals like MRS FIDs, enabling the preservation 
of phase and spectral structure during denois-
ing [9, 10].

Other approaches include wavelet-based de-
noising, which removes noise in the time-fre-
quency domain by thresholding high-frequen-
cy wavelet coefficients [11], and Principal 
Component Analysis (PCA), which extracts 
dominant patterns across repeated FIDs for 
subspace-based denoising [12]. More recent-
ly, deep learning techniques, such as denois-
ing autoencoders, have been proposed, though 
they often require large training datasets and 
are less interpretable [13].

Despite significant advancements in MRS 
denoising techniques, individual methods of-
ten exhibit limitations when applied indepen-
dently. HSVD has limitations in suppressing 
high‑frequency broadband noise. The HSVD 
model assumes that the FID can be represented 
as a small number of exponentially damped si-
nusoids, which correspond to structured spec-
tral components. However, broadband noise in 
MRS is typically stochastic and does not fol-
low this low‑rank exponential structure [14]. 
As a result, HSVD is effective for removing 
structured components, such as residual water 
and improving the spectral baseline, but ran-
dom noise components may still remain and 
degrade the overall signal quality.

Adaptive data‑driven methods, such as 
EMD, have also been explored for MRS de-
noising. These methods decompose the signal 
into intrinsic mode functions based on its lo-
cal oscillatory characteristics. However, EMD 
can face difficulties when spectral components 
overlap in frequency, which commonly occurs 
in MRS, where metabolite peaks are often 
closely spaced or partially overlapping [15]. 
In such cases, the decomposition may suffer 
from mode mixing, where noise and signal 
components appear within the same intrinsic 
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mode function. Although CEMD improves 
certain aspects of the decomposition process, 
it still inherits limitations when separating 
strongly overlapping spectral features [16]. 

These inherent tradeoffs motivate the need 
for hybrid methods that combine the strengths 
of model-based approaches like HSVD with 
adaptive methods like CEMD to achieve com-
prehensive noise reduction while preserving 
critical spectral information.

The novelty of our framework lies not mere-
ly in combining existing techniques, but in 
their sequential, purpose-driven deployment. 
Specifically, HSVD is first applied to explic-
itly suppress structured artifacts after, which 
CEMD is used to further attenuate the remain-
ing stochastic noise. This two-stage design is 
tailored to the complex spectral characteristics 
of in vivo MRS data. In this work, we propose 
a novel hybrid denoising framework that com-
bines HSVD and CEMD, aiming to exploit 
the complementary strengths of both methods. 
First, HSVD is applied to suppress structured 
residuals, such as the water peak, by model-
ing the FID using low-rank exponential bases. 
Then, CEMD is employed to decompose the 
residual signal and remove high-frequency, 
nonstructured noise components. This 2-stage 
approach improves both spectral fidelity and 
noise suppression compared to using HSVD or 
EMD alone. The performance of the proposed 
method is evaluated on real in vivo brain MRS 
data acquired from Alzheimer’s patients. To 
evaluate the effectiveness of our proposed hy-
brid method, we conduct a detailed SNR anal-
ysis and compare its performance against each 
method (HSVD and CEMD), as well as other 
commonly used denoising techniques such as 
signal averaging and wavelet thresholding. 
By quantitatively assessing the SNR improve-
ments and visually inspecting the spectral 
integrity, we demonstrate that the combined 
HSVD+CEMD approach yields superior de-
noising performance while preserving the key 
metabolic features of the spectrum. The pro-
posed method is thus well-suited for clinical 

applications, where both accuracy and robust-
ness are essential.

Material and Methods

Data Acquisition
This retrospective observational in vivo 

methodological study analyzed single-voxel 
1H‑MRS data from 20 clinically diagnosed 
patients with Alzheimer’s disease. Data were 
acquired at the UBC MRI Research Centre 
using a 3.0‑T Philips Achieva system with 
an eight‑channel head coil [9]. A voxel was 
placed in the Posterior Cingulate Cortex (PCC) 
and localized using T1-weighted anatomi-
cal imaging. The voxel size was 3.6×2.0×1.5 
cm³ (10.8 cm³). Spectra were acquired using 
a Point‑RESolved Spectroscopy (PRESS) se-
quence (Echo Time (TE) / Repetition Time 
(TR) =31 ms/4000 ms), with water suppres-
sion and second-order shimming applied. For 
each of the twenty patients with Alzheimer’s 
disease, 64 water-suppressed and 16 non-wa-
ter-suppressed FID signals were acquired.

Conventional Spectral Processing
The conventional approach involved time 

domain averaging of the 64 water-suppressed 
FID signals. The averaged FID was subse-
quently converted to the frequency domain via 
the Fast Fourier Transform (FFT), resulting in 
the conventional spectrum. The conventional 
spectrum served as the baseline for evaluating 
the performance of the proposed denoising 
methods. The overall acquisition and spectral 
processing pipeline are illustrated in Figure 1, 
including voxel placement, FID acquisition, 
and the conventional grand spectrum with vis-
ible metabolite peaks, such as Total Creatine 
(tCr), Choline (Cho), and N-AcetylAspartate 
(NAA).

Proposed Denoising Pipeline: HSVD 
and CEMD

To enhance spectral quality, we applied a 
two-stage denoising pipeline to each of the 
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64 individual FID signals before averaging 
and Fourier transformation. The procedure is  
summarized below.
1. HSVD
The HSVD is a parametric signal process-

ing method, widely used in MRS to model and 
remove damped sinusoidal components, such 
as residual water signals or noise-like artifacts 
[8, 17].

Let the FID signal be denoted as a complex 
time-domain sequence: x(n), n = 0, 1,..., N-1.

To apply HSVD, a Hankel matrix (H)ϵCL×M 
is constructed from x(n), such that each anti-
diagonal contains a constant value:
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( ) ( ) ( )
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                (1)

where ℂ denotes the set of complex num-
bers, and L and M represent the number of 
rows and columns of the Hankel matrix, re-
spectively (such that L+M=N+1).

Singular Value Decomposition (SVD) is 
then applied:

H=UΣVᴴ                     (2)
where Σ denotes a diagonal matrix, whose 

entries correspond to the singular values. The 
rank r of the signal subspace is selected based 

on a singular value threshold or prior knowl-
edge of signal components. The signal is re-
constructed using only the r dominant singular 
values, effectively filtering out the residual 
water peak and high frequency noise.

From the truncated Hankel matrix, the poles 
of the signal model are estimated by solving 
a generalized eigenvalue problem. Each pole 
corresponds to a damped complex exponential 
component:

( ) ( )2

1

k k
r

d j f n t
k

k

x n a e π− + ∆

=

≈∑                (3)

where ak, dk, and fk are the amplitude, damp-
ing factor, and frequency of the k-th compo-
nent, respectively.

In this study, HSVD was applied to each 
of the 64 water-suppressed FIDs per subject 
in a two-stage process. In the first stage, the 
FID signal was modeled using HSVD with a 
low rank approximation of r=3 to remove the 
residual water peak. The fitted signal corre-
sponding to these first three dominant compo-
nents was subtracted from the original FID to 
suppress the water signal:

FIDsup=FIDorig – FID water-fit               (4)
In the second stage, for noise reduction, 

HSVD was applied again on the water-sup-
pressed signal using a higher rank model with 
r=300. The reconstructed signal using the first 
300 components was retained, while com-
ponents corresponding to low-energy noise 
were discarded. This approach preserves the  

Figure 1: Conventional magnetic resonance spectroscopy (MRS) processing workflow. (Left) 
Placement of the spectroscopy voxel in the posterior cingulate cortex (PCC). (Middle) Acquisi-
tion of 64 complex free induction decay (FID) signals. (Right) Averaging of the 64 FIDs followed 
by Fourier transformation to generate the conventional grand spectrum, showing metabolite 
peaks including total creatine (tCr), choline (Cho), and N-acetylaspartate (NAA).
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metabolite-related signal content while attenu-
ating high-frequency noise: 

FIDdenoised= HSVDr=300(FIDsup)        (5)
The choice of HSVD ranks r=5 and r=300 

was based on both empirical observations and 
prior knowledge of the spectral characteris-
tics of MRS signals [18]. In the first step, r=5 
was selected to model and remove the domi-
nant water peak, which consistently appeared 
among the first few singular components 
across all FIDs. In the second step, r=300 
was chosen for noise reduction, as inspec-
tion of the singular value spectrum revealed 
that components beyond this rank contributed 
negligibly to the total signal energy and were 
predominantly noise. Retaining the first 300 
components preserved the key metabolite in-
formation while effectively attenuating high-
frequency noise and residual artifacts.
2. CEMD
EMD [19] is an adaptive, data-driven tech-

nique for analyzing nonstationary and nonlin-
ear signals. It decomposes a univariate signal 
s(t) into a finite number of Intrinsic Mode 
Functions (IMFs) capturing basic oscillatory 
components inherent to the signal.

A function is considered an IMF if it satisfies 
two conditions, as follows: 1) the counts of 
extrema and zero crossings are required to be 
equal, or their difference must not exceed one, 
and 2) the mean of the envelopes constructed 
from the local maxima and minima is required 
to be zero at all points.

The standard EMD algorithm operates 
through an iterative sifting procedure. First, 
all local extrema (both maxima and minima) 
in the input signal s(t) are identified. Using 
these extrema, upper and lower envelopes 
are constructed via cubic spline interpola-
tion. The pointwise mean m(t) of these enve-
lopes is then computed and subtracted from 
the original signal, yielding d(t) = s(t) − m(t). 
The resulting component is checked to deter-
mine whether it satisfies the Intrinsic Mode 
Function (IMF) criteria. If the criteria are not 
met, the sifting steps are repeated on d(t) until  

convergence. Once an IMF I(t) is finally ob-
tained, it is removed from the signal, and the 
same sifting procedure is applied to the resid-
ual s_residual(t) = s(t) − I(t) to extract subse-
quent modes.

This iterative process proceeds until the re-
maining signal becomes monotonic or con-
stant. It should be noted that EMD is inherent-
ly formulated for real-valued data. Since FID 
signals in MRS are complex-valued, standard 
EMD is not directly applicable. To overcome 
this limitation, we adopted a CEMD approach 
[9]. Let s[n] be a complex-valued FID signal. 
The signal is first transformed into the fre-
quency domain via the Discrete Fourier Trans-
form (DFT), and then separated into its posi-
tive and negative frequency components using 
ideal binary frequency masks:

[ ] ( )( ) ( )( ){ }1( exp . )s n Real F S jw H exp jw−
+ = (6)

[ ] ( )( ) ( )( ){ }1( exp . )s n Real F S jw H exp jw−
− = − (7)
where F⁻¹ is the inverse Fourier transform, 

and the ideal filter is defined as:

( )( ) 1, 0
0, 0

H exp x
ω
ω
>

=  <
                            (8)

Each of the real-valued components s+[n] 
and s-[n] was then decomposed into a set of 
IMFs using the EMD algorithm, with the 
number of IMFs limited to a maximum of 7 
to avoid over-decomposition. Importantly, this 
selection was made based on empirical obser-
vation: firstly, three IMFs obtained from EMD 
on each frequency separated component con-
sistently exhibited prominent peaks in their 
frequency spectra corresponding to metabolite 
resonances. These modes were visually identi-
fied as containing the desired spectral content 
while minimizing the contribution of noise 
and baseline fluctuation. Hence, the final de-
noised signal was constructed by averaging the 
first three such modes across FIDs, allowing  
effective preservation of spectral information.

After selecting the first three IMFs from the 
components corresponding to positive and 
negative frequencies, complex-valued IMFs 
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were reconstructed individually. For each 
corresponding IMF (i.e., the i-th mode from 
s_+ and s_-, where i = 1, 2, 3), the analytic 
representation was formed using the Hilbert 
transform. Each pair was then combined into a 
single complex-valued IMF using the follow-
ing relation:

[ ] ( )[ ] ( )[ ]( ) ( )[ ] ( )[ ]( )*IMFi n s i n jH s i n s i n jH s i n+ + − −   = + + +    (9)
This formulation effectively constructs a 

complex-valued signal that preserves the 
spectral symmetry and analytic characteristics 
of the original FID. The final denoised signal 
Sden[n] was then computed as the sum of these 
three reconstructed complex IMFs:

[ ] [ ]
3

1
den

i

S n IMFi n
=

=∑                     (10)

This approach ensures retention of metabo-
lite-related spectral content while effectively 
reducing residual noise. The overall denoising 
pipeline, including conventional averaging, 
HSVD based processing, and CEMD, is sum-
marized in Figure 2, which also illustrates the 

principle of CEMD decomposition and recon-
struction.

Signal Quality Assessment
To quantitatively evaluate the performance 

of the denoising methods, key metrics, in-
cluding SNR, residual water peak amplitude, 
and noise reduction were computed. Spectral 
SNR was calculated for each method (Con-
ventional, HSVD-only, CEMD-only, and 
HSVD+CEMD). SNR was defined as the ratio 
of the height of the NAA peak (approximately 
2.0 ppm) to the standard deviation of noise es-
timated from a noise-only region (e.g., 8.0–9.0 
ppm). All SNR values were reported in a lin-
ear scale. Detailed results and comparisons 
based on these parameters are presented in the 
Results section.

Software and Implementation
All signal processing steps, including 

HSVD, CEMD, FFT, and SNR calculation, 

Figure 2: Workflow of the proposed denoising framework. The acquired FID signals are first pro-
cessed using HSVD for structured artifact suppression, followed by CEMD for stochastic noise 
reduction. The processed signals are subsequently converted to the frequency domain via the 
FFT. (FID: Free Induction Decay, HSVD: Hankel Singular Value Decomposition, CEMD: Complex 
Empirical Mode Decomposition, FFT: Fast Fourier Transform, EMD: Empirical Mode Decomposi-
tion)
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were implemented in MATLAB R2022a using 
in-house scripts. The CEMD algorithm was 
adapted from open-source EMD toolboxes 
with minor modifications for batch FID pro-
cessing. All computations were carried out on 
a conventional desktop system equipped with 
an Intel Core i7 processor and 32 gigabyte 
random access memory.

Parameter Validation and Sensitiv-
ity Analysis

In our proposed dual-stage HSVD process, 
two distinct truncation ranks were intentional-
ly employed, each serving a different spectral 
objective [18]. First HSVD (r=5): a low rank 
truncation (r=5) was applied to model and 
remove the dominant structured water reso-
nance. This small rank effectively captures the 
limited subspace occupied by the strong water 
peak, ensuring its accurate subtraction with-
out influencing nearby metabolite resonances. 
Second HSVD (r=300): in a subsequent pass, 
a higher truncation rank (r=300) was used on 
the residual signal to attenuate low energy 
broadband noise components. This rank was 
empirically determined based on spectral in-
spection: lower ranks (r<200) led to underfit-
ting and incomplete noise removal, whereas 
excessively high ranks (r>400) began to over-
fit and distort narrow metabolite peaks. The 
chosen r=300 provided an optimal tradeoff be-
tween denoising efficacy and spectral fidelity.

This 2 step HSVD configuration allows 
separation of structured (water) and stochas-
tic (noise) components in a controlled manner, 
enhancing spectral quality prior to subsequent 
CEMD refinement.

CEMD IMF Count (K): We evaluated the 
retention of Kϵ{2,3,4,5} IMFs extracted by 
CEMD during the stochastic noise filtering 
stage. Retaining K=2 IMFs resulted in infor-
mation loss (underfitting), evidenced by the 
attenuation of key spectral peaks (e.g., in the 
ppm≈2 region). Conversely, retaining K≥4 
IMFs led to the reintroduction of broadband 
noise artifacts, which negatively impacted the 

spectral linewidth. By visually inspecting the 
Fourier spectra of individual IMFs, we con-
firmed that crucial spectral information was 
predominantly contained within the first three 
IMFs. Therefore, the selection of K=3 IMFs 
was determined as the optimal choice, achiev-
ing comprehensive stochastic noise attenua-
tion post water suppression while preserving 
essential metabolite signals.

Results

Visual Comparison of Spectra
Figure 3 illustrates the preprocessing steps 

applied to a representative raw FID. In the 
unprocessed signal and its spectrum (Figure 
3a–b), the large water peak dominates the 
spectral range, obscuring smaller metabolite 
resonances. Application of HSVD for water 
suppression (Figure 3c–d) effectively attenu-
ates water-related oscillations. Subsequent 
noise reduction using HSVD (Figure 3e–f) 
further improves spectral quality, allowing 
metabolite peaks to become more clearly vis-
ible. All spectra were computed after Fourier 
transformation of the processed FIDs, with  
zero-padding to 4096 points to improve  
spectral resolution.

To better characterize the oscillatory content 
of the MRS signal, the raw FID was decom-
posed into IMFs using CEMD. Figure 4 shows 
the IMFs obtained from a representative raw 
FID (sample #29). The left panels display the 
real and imaginary parts in the time domain, 
while the right panels show their frequency 
domain spectra (1–5 ppm). Early IMFs cap-
ture high-frequency oscillatory components, 
whereas later IMFs reflect slower baseline 
fluctuations.

Figure 5 presents the IMFs obtained after 
HSVD-based water and noise suppression. 
Compared to the raw FID decomposition, 
water-related oscillations are largely removed, 
revealing metabolite-related features more 
clearly. Inspection of the frequency spec-
tra indicates that the first three IMFs contain 
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Figure 3: Free Induction Decay (FID) processing at different stages. The left column shows the 
signals in the time domain (real and imaginary components), while the right column shows the 
corresponding spectra in the frequency domain (1–5 ppm). (a) Raw FID and (b) its spectrum. 
(c) FID after water peak removal using Hankel Singular Value Decomposition (HSVD) and (d) its 
spectrum. (e) FID after water and noise removal using HSVD and (f) its spectrum. Zero padding 
to 4096 points was applied before the Fourier transformation to improve spectral resolution. 

Figure 4: Intrinsic Mode Functions (IMFs) obtained from the raw Free Induction Decay (FID) 
(sample #29). The left column shows the real and imaginary parts of each IMF in the time 
domain, while the right column shows their corresponding spectra in the frequency domain 
(1–5 ppm, after zero padding to 4096 points for improved spectral resolution). This comparison  
provides the basis for selecting relevant IMFs for subsequent denoising.

VIII



J Biomed Phys Eng

meaningful metabolite peaks (e.g., ~2 ppm for 
NAA), whereas later IMFs primarily capture 
residual noise and baseline variations. Accord-
ingly, only the first three IMFs were retained 
and combined to form the denoised CEMD 
output.

To qualitatively assess the performance of 
the different denoising techniques, frequen-
cy domain spectra from multiple processing 
pipelines were compared (Figure 6). Each row 
corresponds to one denoising approach: (a) 
HSVD, (b) CEMD, and (c) HSVD+CEMD. 
In the left panels, the conventional raw spec-
trum (black) is overlaid with the denoised 
spectrum (red), illustrating the preservation of 
metabolite peaks. The right panels display the 
residual spectrum (blue), computed as the dif-
ference between the raw and denoised spectra, 
highlighting the reduction of residual noise. 
The spectral window of interest (1–4 ppm) in-
cludes major brain metabolites, such as NAA 
(~2.0 ppm), creatine (~3.0 ppm), choline (~3.2 
ppm), and myo-inositol (~3.5 ppm).

In the conventional spectrum, the residual 
water peak around 4.7 ppm remains promi-
nent, and significant baseline fluctuations and 
high frequency noise are visible. HSVD-only 
effectively suppresses the water peak and im-
proves baseline smoothness, although random 
noise persists, especially between 3–4 ppm. 
CEMD-only reduces high frequency noise and 
enhances spectral smoothness, but is less ef-
fective against structured artifacts, such as the 
residual water peak. In some instances, mode 
mixing slightly distorts metabolite peaks. The 
hybrid HSVD+CEMD approach combines the 
strengths of both methods, yielding spectra 
with minimal water contamination, reduced 
noise, and preserved metabolite structure. 
Overall, visual inspection confirms that the 
two-stage denoising pipeline provides supe-
rior spectral clarity compared to individual 
methods.

These qualitative observations are comple-
mented by quantitative analyses of spectral 
SNR and residual water peak amplitude, as 

HSVD–CEMD Denoising for Proton MRS

Figure 5: Intrinsic Mode Functions (IMFs) obtained after water suppression and denoising us-
ing Hankel Singular Value Decomposition (HSVD) (sample #29). As in Figure 3, the left column 
shows the time domain components and the right column their spectra. Compared to the raw 
Free Induction Decay (FID), the dominant water related oscillations are largely removed, reveal-
ing metabolite related structures more clearly. 
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detailed in the quantitative SNR evaluation 
section.

Quantitative SNR Evaluation
1. Quantitative Analysis: Signal 

to Noise Ratio and Residual Water  
Suppression

To quantitatively evaluate the performance 
of the proposed hybrid denoising method, we 
calculated the SNR for all subjects across the 
four processing strategies: (1) conventional 
averaging without denoising, (2) HSVD-only, 
(3) CEMD-only, and (4) HSVD+CEMD.

Statistical comparisons between methods 
were performed using two-tailed paired t-tests 
to assess within-subject differences across de-
noising strategies, with significance defined as 
P-value<0.05.

The SNR was computed in the frequency 

domain for each processed spectrum. Specifi-
cally, the SNR was defined as:

ANAASNR
noiseσ=                        (11)

where NAAA is the peak amplitude of the 
NAA resonance at approximately 2.0 ppm, 
and noiseσ is the standard deviation of the 
noise floor measured from a noise-only region 
(8.0–9.0 ppm) where no metabolite signals are 
expected.

The quantitative evaluation of spectral 
quality across different denoising methods is 
summarized in Table 1. The conventional av-
eraging approach yielded the lowest spectral 
SNR (2.65±0.71) with incomplete water sup-
pression (100.75±12.26%) and moderate line-
width (22.28±3.57 Hz).

The application of HSVD significantly im-

Figure 6: Comparison of raw and denoised spectra using different methods. Each row corre-
sponds to one denoising approach: (a) Hankel Singular Value Decomposition (HSVD), (b) Com-
plex Empirical Mode Decomposition (CEMD), and (c) HSVD+CEMD. In the left panels, the con-
ventional raw spectrum (black) is overlaid with the denoised spectrum (red). The right panels 
display the corresponding residual spectrum (blue), computed as the difference between the 
raw and denoised spectra. The spectral window of interest is shown in the range 1-4 ppm, 
where major brain metabolites such as N-Acetylaspartate (NAA), creatine (Cr), and choline 
(Cho) are located. This visualization highlights both the preservation of metabolite signals and 
the reduction of residual noise after denoising.
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proved SNR (3.10±1.28, P-value=0.0133 vs. 
conventional) and markedly reduced the re-
sidual water peak (32.56±6.73%, P=0.0035). 
However, HSVD spectra exhibited broader 
linewidths compared to the conventional 
method (25.01±2.69 Hz, P-value=0.0009).

CEMD-only denoising achieved a moderate 
increase in SNR (2.95±1.12) and improved 
spectral resolution with narrower linewidths 
(18.41±4.15 Hz, P-value<0.001 vs. conven-
tional). Nevertheless, residual water sup-
pression was suboptimal (75.45±30.23%) 
and significantly worse compared to HSVD  
(P-value=0.0006).

The hybrid HSVD+CEMD method demon-
strated the best overall spectral improvement 
among all tested approaches. It produced the 
highest SNR (3.24±1.03; P-value<0.001 vs. 
conventional and HSVD) and achieved nar-
rower linewidths (18.83±4.11 Hz; P-val-
ue<0.001). Although its residual water sup-
pression was moderate (37.45±86.23%), this 
performance was still significantly better than 
CEMD alone, which remained lower than 
HSVD‑only (P-value<0.001). This pattern 
reflects the expected trade‑off: HSVD excels 
at removing structured water artifacts, while 
CEMD is more effective for refining stochas-
tic noise. By combining them sequentially, the 
hybrid framework maximizes overall spec-
tral clarity even if water suppression is not as 
strong as HSVD‑only.

The HSVD-only method, used as an indi-
vidual baseline for comparison, demonstrated  

superior residual water suppression (32.56% vs. 
37.45% for HSVD+CEMD, P-value<0.001). 
Conversely, the hybrid method achieved 
the highest SNR across all comparisons  
(P-value<0.001 versus HSVD-only).

Figure 7 summarizes the distributions of 
SNR, residual water, and NAA FWHM for all 
subjects. The hybrid HSVD+CEMD approach 
shows superior SNR and sharper metabo-
lite peaks while maintaining effective water 
suppression, illustrating the complementary 
benefits of combining model-based and data- 
driven denoising strategies.

These results establish the hybrid 
HSVD+CEMD pipeline as the most effective 
denoising strategy overall, motivating further 
discussion of its implications for clinical MRS.

LCModel-Based Metabolite Quantifi-
cation Precision

To assess the impact of spectral denoising on 
metabolite quantification reliability, LCModel 
analysis was performed on 20 in vivo spectra 
processed using four different pipelines: con-
ventional preprocessing, HSVD-only, CEMD-
only, and the proposed HSVD+CEMD frame-
work. Metabolite concentrations and their 
corresponding Cramér Rao Lower Bounds 
(CRLBs) were extracted for NAA, Myo‑Inosi-
tol (mI), and Creatine (Cr). As CRLB reflects 
the uncertainty associated with metabolite es-
timation, lower CRLB values indicate higher 
quantification precision. Table 2 summarizes 
the mean±standard deviation of CRLB values 

Method Spectral-SNR (NAA/σ_noise) Residual Water (%) NAA FWHM (Hz)

Conventional 2.65±0.71 100.75±12.26 22.28± 3.57
HSVD-only 3.10±1.28 32.56± 6.73 25.01±2.69
CEMD-only 2.95±1.12 75.45± 30.23 18.41± 4.15

HSVD+CEMD 3.24±1.03 37.45± 86.23 18.83±4.11
SNR: Signal to Noise Ratio, NAA: N Acetylaspartate, σ: noise, Standard Deviation of the baseline noise, FWHM: Full Width at 
Half Maximum, HSVD: Hankel Singular Value Decomposition, CEMD: Complex Empirical Mode Decomposition

Table 1: Quantitative metrics for different denoising strategies (mean±SD, N=20)
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across all subjects.
As shown in Table 2, the proposed 

HSVD+CEMD framework resulted in lower 
mean CRLB values across all three metabo-
lites compared to the conventional, HSVD-
only, and CEMD-only pipelines, indicating 
improved quantification precision. While HS-
VD-only and CEMD-only preprocessing led 
to metabolite-specific reductions in CRLB, 
their combined application yielded the most 
stable and consistent metabolite estimates 
across subjects, as reflected by both reduced 
mean CRLBs and lower variability.

These results are consistent with the 
signal to noise ratio and linewidth im-

provements reported in the quantitative 
SNR evaluation section, confirming that  
enhanced spectral quality directly translates 
into more reliable metabolite quantification.

Discussion
In this study, we evaluated a hybrid denois-

ing approach combining HSVD and CEMD 
for in vivo proton MRS of the Alzheimer’s 
brain. While hybrid denoising strategies uti-
lizing SVD or low rank modeling alongside 
adaptive techniques like EMD variants have 
been explored in general signal processing or 
related NMR fields, our framework introduces 
a specific, sequential specialization optimized 

Method NAA CRLB (%) mI CRLB (%) Cr CRLB (%)

Conventional 1.75±0.68 5.25±2.52 15.4±6.48
HSVD-only 1.75±0.81 10.7±6.81 7.5±9.98
CEMD-only 1.70±0.67 4.75±2.54 13.3±5.24

HSVD+CEMD 1.60±0.94 5.21±2.48 6.5±2.45
NAA: N-acetylaspartate, CRLB: Cramér Rao Lower Bound, mI: myo-inositol, Cr: Creatine, HSVD: Hankel Singular Value  
Decomposition, CEMD: Complex Empirical Mode Decomposition

Table 2: LCModel-based metabolite quantification uncertainty expressed as Cramér Rao lower 
bounds (CRLB, %, mean±SD). (LCModel: Linear Combination of Model spectra)

Figure 7: Boxplots show the distribution of (a) spectral (Signal-To-Noise Ratio (SNR), N-acetylas-
partate (NAA) /σ_noise), (b) residual water peak (%), and (c) NAA linewidth (Full Width at Half 
Maximum (FWHM) in Hz) across 20 Alzheimer’s patients for four processing strategies: Conven-
tional averaging, Hankel Singular Value Decomposition (HSVD)-only, Complex Empirical Mode 
Decomposition (CEMD)-only, and HSVD+CEMD
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for the distinct challenges of in vivo MRS. The 
hybrid methods often focus on simultaneous 
denoising or employ a less tailored EMD vari-
ant. The key novelty is the rigorous two‑stage 
cascade: first, HSVD (r=5) is applied to exploit 
the low‑rank model assumption in order to ef-
fectively isolate and suppress the highly domi-
nant, structured residual water peak. This step 
ensures that the subsequent CEMD stage oper-
ates on a baseline that is significantly cleaner 
than the original signal with structured inter-
ference. Second, CEMD is employed on the 
water-suppressed signal to adaptively decom-
pose and attenuate the remaining stochastic, 
high-frequency noise, addressing the inherent 
limitation of HSVD in handling broadband 
noise. The HSVD→CEMD pipeline differs 
from parallel approaches and low-rank–dif-
fusion methods [20]. By separating structured 
(model-based) components from stochastic 
(data-driven) noise, it achieves better SNR re-
tention and linewidth preservation in our quan-
titative evaluation on Alzheimer’s patient data. 
The conventional averaging approach reduced 
random noise through repeated acquisitions 
but did not address structured artifacts, such 
as residual water peaks [21]. HSVD primarily 
targets structured components like the water 
peak, improving baseline smoothness and par-
tially reducing noise [22]. CEMD, in contrast, 
achieves an adaptive signal decomposition by 
extracting intrinsic mode functions, which al-
lows attenuation of high frequency and non-
stationary noise components [19, 23].

The hybrid HSVD+CEMD method leverages 
complementary mechanisms: HSVD removes 
the dominant structured water component, and 
CEMD subsequently reduces residual random 
noise while preserving metabolite peaks. This 
sequential combination addresses both struc-
tured and stochastic noise, providing a robust 
framework for enhancing MRS data quality. 
Hybrid denoising approaches have been shown 
to effectively improve metabolite peak quanti-
fication and spectral fidelity in clinical MRS, 
particularly for metabolites such as NAA. By 

sequentially targeting structured and stochas-
tic noise components, it enables more reliable 
quantification of metabolite peaks, which is 
crucial in studies of Alzheimer’s disease and 
other neurological conditions. For example, 
Jeon et al. developed a hybrid denoising strat-
egy combining low-rank approximation with 
a denoising diffusion probabilistic model, sig-
nificantly improving MRS data quality and 
reducing scan times [20]. These studies dem-
onstrate the potential of hybrid approaches to 
enhance MRS data quality, although further 
validation across diverse datasets and clinical 
settings is warranted.

While the HSVD+CEMD pipeline de-
livers the highest overall spectral SNR,  
Table 1 shows that its residual water sup-
pression performance is quantitatively lower 
than that of the stand‑alone HSVD module 
(P-value<0.001). Moreover, the standard de-
viation associated with residual water in the 
hybrid approach (±86.23%) is substantially 
larger than for the other configurations. This 
increased variance suggests that the sequential 
application is sensitive to minor variations in 
the initial water component across subjects, 
such that the secondary CEMD stage may 
struggle to fully stabilize the remaining arti-
fact. Taken together, these observations indi-
cate that although the hybrid approach suc-
cessfully optimizes the noise floor (yielding 
high SNR), the robustness of water removal 
remains intrinsically linked to the model ac-
curacy of the initial HSVD step. Future refine-
ments should therefore focus on stabilizing the 
noise suppression stage to ensure more consis-
tent structural artifact removal [5, 17].

Several factors may limit the interpretation 
and generalizability of the results. The study 
included 20 Alzheimer’s patients, and larger or 
more heterogeneous cohorts may show differ-
ent noise characteristics or spectral variability. 
Data were acquired using single-voxel, water-
suppressed 1H MRS at 3T, and variations in 
voxel size, acquisition parameters (TE/TR, 
number of averages), or coil configuration 
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could affect SNR, linewidth, and residual wa-
ter levels.

Additionally, HSVD ranks and the number 
of CEMD IMFs were chosen empirically, and 
may require adjustment for other datasets or 
protocols. The robustness of the proposed 
HSVD+CEMD framework is further support-
ed by the sensitivity analysis detailed in the 
parameter validation and sensitivity analysis 
section. Our investigation confirms that the 
selected parameters (r=5, r=300, and K=3) are 
not arbitrary but represent the precise opera-
tional sweet spot balancing artifact removal 
and spectral fidelity. Specifically, the analysis 
demonstrated that deviations outside the range 
(250,350) for r or deviating from K=3 IMFs 
resulted in a measurable degradation in either 
SNR or spectral linewidth metrics, providing 
strong methodological justification for their 
fixed selection within this 3T MRS protocol.

Residual water suppression also varied 
across subjects, particularly for CEMD-only 
and HSVD+CEMD, reflecting motion, hard-
ware, and acquisition differences. Finally, 
absolute SNR values should be interpreted 
cautiously, as differences in preprocessing 
and SNR definitions limit direct comparison 
across studies.

While the HSVD+CEMD framework dem-
onstrates superior performance over tradi-
tional analytical denoising methods (e.g., 
PCA/SVD) by achieving a better balance be-
tween noise suppression and spectral fidelity, 
we also acknowledge the growing relevance 
of contemporary state-of-the-art approaches, 
particularly those based on deep learning or 
low-rank/diffusion models [13, 24]. The pri-
mary objective of this manuscript was to in-
troduce and validate an interpretable, hybrid 
analytical framework tailored to the inherent 
spectral structure of low-data MRS. A fair 
integration and benchmarking of complex, 
data‑intensive DL models would require a 
dedicated large‑scale validation study, typi-
cally relying on proprietary training datasets, 
and is therefore beyond the scope of this initial 

analytical proof‑of‑concept. Nevertheless, the 
framework provides a robust and interpretable 
baseline that can serve as a reference point 
for future comparative evaluations against  
advanced DL‑based denoising techniques

While the current study primarily focused 
on spectral denoising performance and qual-
ity improvements, it is important to consider 
how these enhancements translate into more 
reliable metabolite quantification. Improve-
ments in spectral SNR and linewidth gener-
ally reduce uncertainty in model fitting, which 
in turn facilitates more stable estimation of 
metabolites such as NAA, mI, and Cr. This 
suggests that the HSVD+CEMD framework 
does not simply clean the spectrum but also 
strengthens downstream quantification robust-
ness an aspect that is particularly relevant for 
clinical and research applications where subtle 
metabolic differences must be detected confi-
dently. The improvement in quantification re-
liability is critical for clinical MRS studies, as 
it strengthens confidence in detecting subtle 
metabolic changes related to neurodegenera-
tion, particularly in the context of Alzheimer’s 
disease. 

Although these findings support the utility of 
the proposed HSVD+CEMD framework, sev-
eral limitations should be acknowledged ex-
plicitly. The study sample consisted of 20 sin-
gle-site Alzheimer’s patients, which may not 
capture the full variability of noise character-
istics across broader or multi-site populations. 
Acquisition was limited to a single voxel, wa-
ter suppressed 3T protocol, and the general-
izability of the results may vary with differ-
ent sequences, voxel geometries, or hardware 
configurations. Additionally, HSVD rank and 
the number of CEMD IMFs were empirically 
optimized for this dataset; while sensitivity 
analysis confirms the stability of these choices 
within this protocol, they may not represent 
universally optimal parameters for other scan-
ners or field strengths. Finally, residual water 
suppression exhibited inter-subject variabil-
ity, indicating partial dependence on subject-
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specific factors, such as motion and hardware 
stability.

Future work could extend this validation 
by exploring effects on diagnostic accuracy, 
assessing robustness across larger multi-site 
cohorts, and benchmarking against advanced 
deep learnin- based denoising strategies.

Conclusion
In this study, we introduced a hybrid denois-

ing approach combining HSVD and CEMD 
for in vivo proton MRS of the Alzheimer’s 
brain. By sequentially targeting structured 
and stochastic noise components, the method 
achieved superior spectral quality, evidenced 
by higher SNR, sharper metabolite peaks, and 
moderate water suppression compared to con-
ventional averaging, HSVD-only, and CEMD-
only approaches. These findings demonstrate 
that integrating model-based and adaptive 
data-driven techniques can effectively address 
complementary noise challenges in MRS, pro-
viding a practical framework for clinical appli-
cations. Future work will focus on optimizing 
algorithm parameters, validating the approach 
in larger and more heterogeneous cohorts, 
and exploring integration with advanced me-
tabolite quantification and multi-voxel MRS  
protocols.
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